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Preface
The book is devoted to the spectral theory of the multidimensional Schrödinger
operator LðqÞ generated in L2ðRdÞ by the differential expression
ΔuðxÞ þ qðxÞuðxÞ;
where x 2 Rd; d 2 and q is a real periodic, relative to a lattice Ω, potential. This
operator describes the motion of a particle in the bulk matter. To describe the brief
synopsis of the book let us introduce some notations and recall some well-known
deﬁnitions. It is well known that the spectrum of LðqÞ is the union of the spectra
of the operators LtðqÞ for t 2 F generated in L2ðFÞ by the same differential
expression and the conditions
uðxþ ωÞ ¼ eiht;ωiuðxÞ; 8ω 2 Ω;
where h; i is the inner product in Rd , t is a crystal momentum (quasimomentum),
F ¼: Rd=Ω and F ¼: Rd=Γ are the fundamental domains (primitive cells) of the
lattices Ω and Γ respectively, and
Γ ¼: fδ 2 Rd : hδ;ωi 2 2πZ; 8ω 2 Ωg
is the reciprocal lattice, i.e., is the lattice dual to Ω. The spectrum of LtðqÞ consists
of the eigenvalues
Λ1ðtÞΛ2ðtÞ . . .
These eigenvalues are called the Bloch eigenvalues. They deﬁne functions
Λn : t ! ΛnðtÞ for n ¼ 1; 2; . . . of t that are called the band functions of LðqÞ.
The n-th band function Λn is continuous with respect to t and its range
δn ¼: ΛnðtÞ : t 2 Ff g
vii
is the n-th band of the spectrum σðLðqÞÞ of LðqÞ :
σðLðqÞÞ ¼ [1n¼1δn:
The eigenfunctions of LtðqÞ are known as the Bloch functions.
The book consists of ﬁve chapters. The ﬁrst chapter presents preliminary deﬁ-
nitions and statements to be used in the next chapters. Besides, we give a brief
discussion of what is known from the literature and what is presented in the book
about the perturbation theory of LðqÞ. In the second chapter, ﬁrst, we obtain the
asymptotic formulas of arbitrary order for the Bloch eigenvalue and Bloch function
of the periodic Schrödinger operator LðqÞ of arbitrary dimension, when the corre-
sponding quasimomentum lies far from the diffraction hyperplanes
Dδ ¼: fx 2 Rd : jxj2 ¼ jxþ δj2g
for small values of δ: Then we study the case, when the corresponding quasimo-
mentum lies near a diffraction hyperplane and gets the complete perturbation theory
for the multidimensional Schrödinger operator with a periodic potential. Moreover,
we construct and estimate the measures of the isoenergetic surfaces in the high
energy region which implies the validity of the Bethe-Sommerfeld conjecture for
arbitrary dimension and arbitrary lattice. This conjecture was formulated in 1928
and claims that there exist only a ﬁnite number of gaps (the spaces between the
bands δn and δnþ1 for n ¼ 1; 2; . . .) in the spectrum σðLðqÞÞ of LðqÞ. Note that the
construction of the perturbation theory of LðqÞ is connected with the investigation
of the complicated picture of the crystal diffraction. The regular perturbation theory
does not work in this case, since the Bloch eigenvalues of the free operator are
situated very close to each other in the high energy region.
In the third chapter, using the asymptotic formulas obtained in the second
chapter, we determine constructively a family of the spectral invariants of LðqÞ from
the given Bloch eigenvalues. Some of these invariants are explicitly expressed by
the Fourier coefﬁcients of the potential which present the possibility of determining
the potential constructively by using the Bloch eigenvalues as the input data.
In the fourth chapter, we consider the inverse problems of the three-dimensional
Schrödinger operator with a periodic potential q by the spectral invariants obtained
in the third chapter. First, we construct a set of trigonometric polynomials which is
dense in the Sobolev space Ws2ðFÞ; where s[ 3; in the C1- topology and every
element of this set can be determined constructively and uniquely, modulo inver-
sion x ! x and translations x ! xþ τ for τ 2 R3; from the given spectral
invariants that were determined constructively from the given Bloch eigenvalues.
Then a special class V of the periodic potentials is constructed, which can be easily
and constructively determined from the spectral invariants and hence from the given
Bloch eigenvalues. Moreover, we consider the stability of the algorithm for the
unique determination of the potential q 2 V of the three-dimensional Schrödinger
operator with respect to the spectral invariants and Bloch eigenvalues.
In the ﬁfth chapter we summarize our results from the point of view of both
physicists and mathematicians. I am thankful to Claus Ascheron and Peter Wölfle
for their advices that help to improve the readability of the book.
viii Preface
Contents
1 Preliminary Facts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Lattices, Brillouin Zones, and Periodic Functions in Rd . . . . . . . . 1
1.2 Schrödinger Operator and Bloch Functions . . . . . . . . . . . . . . . . 7
1.3 Band Structure, Fermi Surfaces and Perturbations. . . . . . . . . . . . 15
1.4 Some Discussions of the Perturbation Theory . . . . . . . . . . . . . . 24
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
2 Asymptotic Formulas for the Bloch Eigenvalues
and Bloch Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.2 Asymptotic Formulas for the Eigenvalues . . . . . . . . . . . . . . . . . 46
2.3 Bloch Eigenvalues Near the Diffraction Planes. . . . . . . . . . . . . . 58
2.4 Asymptotic Formulas for the Bloch Functions . . . . . . . . . . . . . . 79
2.5 Simple Sets and Isoenergetic Surfaces. . . . . . . . . . . . . . . . . . . . 85
2.6 Bloch Functions Near the Diffraction Hyperplanes . . . . . . . . . . . 106
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125
3 Constructive Determination of the Spectral Invariants . . . . . . . . . . 127
3.1 Introduction and Preliminary Facts . . . . . . . . . . . . . . . . . . . . . . 127
3.2 First and Second Terms of the Asymptotics . . . . . . . . . . . . . . . . 131
3.3 On the Derivatives of the Band Functions . . . . . . . . . . . . . . . . . 142
3.4 The Construction of the Spectral Invariants . . . . . . . . . . . . . . . . 151
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 169
4 Periodic Potential from the Spectral Invariants . . . . . . . . . . . . . . . 171
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
4.2 On the Simple Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
4.3 Finding the Fourier Coefficients Corresponding
to the Boundary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 187
ix
4.4 Inverse Problem in a Dense Set . . . . . . . . . . . . . . . . . . . . . . . . 197
4.5 Finding the Simple Potential from the Invariants . . . . . . . . . . . . 202
4.6 On the Stability of the Algorithm . . . . . . . . . . . . . . . . . . . . . . . 209
4.7 Uniqueness Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 225
5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 227
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 238
Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 241
x Contents
